INTRODUCTION
In recent years, motivated by applications in physics and geometry, a large number of works have been devoted to existence results for semilinear elliptic equations of the form in an exterior domain ⍀. Our work was motivated in part by a recent paper w x Ž . of Munyamarere and Willem 10 . In this paper the authors study Eq. P N Ž N . in the whole space ‫ޒ‬ under the assumption that a g C ‫ޒ‬ , ‫ޒ‬ is radial and positive, and prove the existence of a positive radial solution as well as infinitely many nodal solutions under additional symmetry assumptions. Their approach is variational and, as with all equations set in unbounded Ž . domains, compactness or the Palais᎐Smale PS condition for the corresponding energy functional is the main difficulty in applying critical point w x theories. To overcome this difficulty, in 10 the authors work in the space Ž . of radial functions hence the radial symmetry assumption on a and the Ž . w x PS condition is done by applying a basic inequality of Rother 12 for this class of functions and comparing the asymptotic behavior of a and g at zero and infinity.
In addition to taking ⍀ to be an exterior domain, here we consider a Ž . general sign-changing function a g C ⍀, ‫ޒ‬ . Then the semilinear equation Ž .
Ž . P is called indefinite. In this case if a x is positive at infinity, that is, Ž . lim a x ) 0, it can be seen that a simple Pohozaev-type identity < x < ªϱ provides nonexistence results under rather mild conditions. So we further Ž . assume that a x is nonpositive at infinity, that is,
Ž .
0 0
In addition we assume
Ž .
Ž . Regarding g g C ‫,ޒ‬ ‫ޒ‬ , we assume the usual subcritical growth at infinity Ž . see precise assumptions below . Under these assumptions we prove the Ž . existence of a positive solution for P as well as infinitely many solutions in case g is odd. An important role is played by a Hardy-type inequality ϱ Ž . for C ⍀ . Using this inequality and the asymptotic behavior of a at 0 Ž . infinity, we will handle the PS condition for the energy functional in Section 1. Section 2 is devoted to existence and multiplicity results.
VARIATIONAL FRAMEWORK AND THE PALAIS᎐SMALE CONDITION
We consider the equation
nonempty open bounded neighborhood of the origin. In addition we assume
sup a x x -ϱ;
We will also use the notation ⍀ s
Ž w x. the following Hardy-type inequality see 13 .
In fact by G ᎐ G , there exists C , C ) 0 such that
Clearly critical points of I are weak solutions of P . Of course, elliptic Ž w x. 1, 2 Ž . regularity theory see 6 then implies that such weak D ⍀ solutions 0 1, ␣ Ž . Ž . are in fact in C ⍀ 0 -␣ -1 and assuming a little more regularity on Ž . a x we will get classical solutions. To show the existence of critical points Ž w x. of I we use the Mountain Pass Lemma, which we now recall see 1 . Ž . To obtain solutions of P we will show that Proposition 1.2 can be Ä 4 applied to the functional I. We recall that a sequence u ; E such that n Ž .
Ž . I u ª c and IЈ u ª 0 in E* as n ª ϱ is called a Palais᎐Smale n n 1 Ž . Ž . sequence and a functional I g C E, ‫ޒ‬ satisfying a above is said to Ž satisfy the Palais᎐Smale compactness condition henceforth denoted by Ž .. PS . First a preliminary result.
In addition assume either
We argue by contradiction to show that ٌu is bounded.
2 n < < Indeed assume that ٌu s t ª ϱ and define¨s u rt . Then we have 2 n n n n n
In addition¨x ª¨x a.e. in ⍀ and in L U for any bounded 0 n subset U of ⍀ and 1 F t -2*.
Ž .
Claim.¨x ' 0.
Assuming this for now, we take the limit in 1.3 to obtain Ž . Ž .
Ž . Ž . Now we consider each of the two cases corresponding to A or G , 4 5 respectively.
Ž . x s 1 on ⍀ and x s 0 on ⍀ . Using G and 1.6 we have 
which again contradicts 1.5 by our choise of .
Ž . So we only need to prove the claim. First we show that¨x s 0 a.e. in ⍀ q . Again we argue by contradiction and assume that there exists a ball Ž . 
Ž . So for any U ; ⍀, using A and Holder's inequality, we get
recalling that u is uniformly bounded we get 1.17 . The limits 1.15 n Ž . Ž . Ž . THEOREM 2.1. Assume g g C ‫ޒ‬ , ‫ޒ‬ satisfies G ᎐ G for s G 0. 2 4 Ž . Ž . Ž . Ž . Ž . Furthermore assume A ᎐ A and A or G . Then Eq. P has a 1 3 4 5 positi¨e solution.
Proof. First we extend the definition of g to all s g ‫ޒ‬ as an odd Ž . Ž . Ž function. The extension, still denoted by g, satisfies G ᎐ G as well as 1 4 Ž . . G if need be . We will verify that the energy functional Then ␤ ) 0 and by the Mountain Pass Lemma it is a critical value of I, Ž . with a corresponding critical point u . Furthermore since the extended g 0 Ž .
Ž< <. Ž . is odd, G s is even and we have I u s I u . Then by a result of Brezis Ž w x. and Nirenberg see 4 we may assume that u G 0. Now an application of 0 elliptic regularity theory and the maximum principle implies that u g 0 1, ␣ Ž .
Ž . C ⍀ and u x ) 0 in ⍀.
0
Next we recall a critical point theorem for even functionals that will be used in the proof of our next result. Assume E is an infinite dimensional 1 Ž . Ž . Banach space, I g C E, ‫ޒ‬ , an even functional satisfying the PS condition. In addition assume Ž . Ä 4 i I ) 0 in B _ 0 , I G ␣ on Ѩ B for some , ␣ ) 0.
Ž .
ii There exists a k dimensional subspace X of E, such that 
